Abstract. Let G be a classical group with natural module V over an algebraically closed field of good characteristic. For every unipotent element u of G, we describe the Jordan block sizes of u on the irreducible G-modules which occur as composition factors of V ⊗ V * , ∧ 2 (V ), and S 2 (V ). Our description is given in terms of the Jordan block sizes of the tensor square, exterior square, and the symmetric square of u, for which recursive formulae are known.
Introduction
Let G be a simple linear algebraic group over an algebraically closed field K of characteristic p > 0, and let f : G → GL(W ) be a rational irreducible representation. In this paper, we consider the following question in some special cases.
Problem 1.1. Let u ∈ G a unipotent element. What is the Jordan normal form of f (u)?
A basic motivation for Problem 1.1 is in the problem of determining the classes of unipotent elements that are contained in maximal subgroups of simple algebraic groups. This question is relevant in the study of the subgroup structure of simple algebraic groups, and solutions to specific instances of Problem 1.1 have found many applications. For example, when G is simple of exceptional type, computations done by Lawther [Law95, Law98] show that in most cases, the conjugacy class of a unipotent element of G is determined by its Jordan block sizes in the adjoint and minimal modules of G. This was used in [Law09] to determine the fusion of unipotent classes in maximal subgroups of G, which in turn was applied in [BLS09] to a conjecture of Cameron on minimal base sizes of finite almost simple primitive groups.
The origin of this paper is in the PhD thesis of the present author, which concerns the problem of finding reductive subgroups of simple algebraic groups that contain distinguished unipotent elements. For classical groups in good characteristic, this leads naturally to the question of when all Jordan block sizes of f (u) have multiplicity one [LS12, Proposition 3.5]. The results of this paper have been useful in settling this problem in some important special cases.
Let G be a simple classical group (SL(V ), Sp(V ), or SO(V )) and assume that p is good for G. In other words, we assume p > 2 if G = Sp(V ) or G = SO(V ). Let f : G → GL(W ) be a rational irreducible representation with highest weight λ. As the main result of this paper, we describe the Jordan normal form of f (u) for every unipotent element u ∈ G in the following cases:
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• G = SL(V ) and λ = ̟ 1 + ̟ n−1 , where n = dim V (Theorem 6.1).
• G = Sp(V ) and λ = ̟ 2 (Corollary 6.2).
• G = SO(V ) and λ = 2̟ 1 (Corollary 6.3).
These irreducible representations are found as composition factors of the tensor product V ⊗ V * (Lemma 3.4), the exterior square ∧ 2 (V ) (Lemma 3.5), and the symmetric square S 2 (V ) (Lemma 3.6), respectively. Our answer is given in terms of the Jordan block sizes of the action of u on V ⊗ V * , ∧ 2 (V ), and S 2 (V ), for which recursive formulae are known -see Section 4. Combining our main results with such formulae, by [Lüb01, Theorem 5.1] and Lemma 3.4 -3.6 we have a description of the Jordan normal form of f (u) for almost all irreducible representations f of G with dim W ≤ (rank G) 3 /8. The rest of the paper is structured as follows. In Section 2 we establish notation used in the paper, and in Section 3 we list some well known results that are needed in the paper. The proofs of our main results are based on calculations done in Section 5, where we consider the action of a regular unipotent element of SL(V ) on V ⊗ V * . The main results are proven in Section 6.
Remark 1.2. In characteristic zero, Problem 1.1 has a satisfactory solution. By results of Jacobson-Morozov-Kostant, every unipotent element u ∈ G can be embedded into a simple subgroup X < G of type A 1 , which is unique up to conjugacy in G [Kos59, Theorem 3.6]. Furthermore, by Weyl's complete reducibility theorem, the Jordan block sizes of u on W are determined by the character of the restriction of W to X. This character can be computed with the Weyl character formula and the labeled Dynkin diagram associated with u.
In this paper we are concerned with the positive characteristic case, where much less is known. In general we do not even know the dimensions of the rational irreducible representations of G, so we are still very far from a complete solution. One general result is in [Sup09] , where Suprunenko determines the largest Jordan block size of f (u) when G is simple of classical type and p > 2. More specialized results are found for example in [PS83] , [TZ02, Section 2.3], and [OS04] .
Notation
We fix the following notation and terminology. Throughout the text, let K be an algebraically closed field of characteristic p > 0, let G be a simple algebraic group over K, and let V be a vector space over K.
Fix a maximal torus T of G with character group X(T ), and a base ∆ = {α 1 , . . . , α l } for the root system of G, where l = rank G. Here we use the standard Bourbaki labeling of the simple roots α i , as given in [Hum72, 11.4, p. 58] . We denote the dominant weights with respect to ∆ by X(T ) + , and the fundamental dominant weight corresponding to α i is denoted by ̟ i . For a dominant weight λ ∈ X(T ) + , we denote the rational irreducible G-module with highest weight λ by
, we will denote this by V = W 1 |W 2 | · · · |W t . For a K-vector space V and non-negative integer n, we use the notation n · V for the direct sum V ⊕ · · ·⊕ V , where V occurs n times.
For non-negative integers a and b we denote by a b the usual binomial coefficient, using the convention that a b = 0 if a < b. We denote by ν p the p-adic valuation on the integers, so ν p (a) is the largest integer k ≥ 0 such that p k divides a. Let u ∈ GL(V ) be unipotent. For all m ≥ 1, we denote by r m (u) the number of Jordan blocks of size m in the Jordan decomposition of u.
Preliminaries
In this section, we list some preliminaries needed in this paper. All of the results in this section are well known. For calculations, we will need the following on the values of binomial coefficients modulo a prime p.
Theorem (Lucas' theorem). Let p be a prime number and let a and b be non-
and in particular a b ≡ 0 mod p if and only if a k < b k for some 0 ≤ k ≤ n. Proof. A short proof can be found in [Fin47] .
Lemma 3.1. Let p be a prime number. Then
Proof. We proceed by induction on t. For t = 0 the claim is obvious, and for 0 < t ≤ p − 1 the claim follows by induction, since
We shall also need the following basic results on the number of Jordan blocks of unipotent elements.
Lemma 3.2. Let u ∈ GL(V ) be unipotent and denote
Proof. The formula follows from the fact that dim Ker X m = m k=1 t k , where t k is the number of Jordan blocks of size ≥ k [Jan04, 1.1].
Lemma 3.3. Let u ∈ GL(V ) be unipotent and denote
Proof. We have Ker
The following lemmas are used to construct the irreducible representations that our main results (Theorem 6.1, Corollary 6.2, Corollary 6.3) are concerned with. 
, and 
]).
Assume p > 2, and let G = Sp(V ), where dim V = n for some n ≥ 4. Then as
, and
Lemma 3.7. Let G = SL(V ) and set n = dim V . Let e 1 , . . . , e n be a basis of V and let e * 1 , . . ., e * n be the corresponding dual basis of V * . Then
Proof. Straightforward exercise in linear algebra.
Jordan block sizes in tensor squares
In this section, we briefly discuss the Jordan decomposition of tensor products, exterior squares, and symmetric squares of unipotent linear maps. In positive characteristic, it is convenient to describe results on this topic in terms of the representation theory of a cyclic p-group.
Let u be a generator of a cyclic p-group of order q. We have an obvious correspondence between unipotent linear maps of order at most q and K[u]-modules, where the decomposition of a K[u]-module into indecomposable summands corresponds to the Jordan normal form. There exist exactly q indecomposable K[u]-modules up to isomorphism, which we label by V 1 , . . ., V q , where dim V i = i and u acts on V i as a full i × i Jordan block.
Taking tensor products of K[u]-modules is an additive functor. Furthermore,
and
, and S 2 (V ) into indecomposable summands is easily reduced to the problem of decomposing V m ⊗ V n , ∧ 2 (V n ), and S 2 (V n ) for integers m, n > 0.
There is a large amount of literature concerning the decomposition of V m ⊗ V n into a direct sum of indecomposables, for example [Sri64] , [Ral66] , [McF79] , [Ren79] , [Nor95] , [Nor08], [Hou03] , and [Bar11] . In positive characteristic, we do not have an easy explicit decomposition of V m ⊗ V n as in characteristic 0, but there are various recursive descriptions in terms of m and n. One convenient recursive formula is given in [Bar11, Theorem 1], and the same paper also contains a formula for The following theorem was first proven in [GPX16] . We present a different proof using induction and restriction of K[u]-modules.
Proof. Set G = u and let
. Now the theorem follows from (4.1).
We finish this section with two lemmas which describe the smallest Jordan block size in the tensor square of a unipotent matrix.
Lemma 4.2. Let 0 < n ≤ q and set α = ν p (n). Then the smallest Jordan block size in V n ⊗ V n is p α , which occurs with multiplicity p α .
Proof. Since p does not divide n/p α , it follows from [BC86, Theorem 2.1] that V 1 is a direct summand of V n/p α ⊗ V n/p α , occurring with multiplicity one. Now the lemma follows by applying Theorem 4.1 to V n/p α ⊗ V n/p α . (d 1 , . . . , d t ) ). Then the smallest Jordan block size occurring in V ⊗ V is p α , which occurs with multiplicity at least p α .
Proof. We have
5. Action of a regular unipotent element of SL(V ) on V ⊗ V * For this section, we fix a basis e 1 , . . ., e n of V . Let e * 1 , . . ., e * n be the corresponding dual basis of V * , so e * i (e j ) = δ i,j for all 1 ≤ i, j ≤ n. For convenience of notation, we set e i = 0 and e * i = 0 for all i ≤ 0 and i > n. Throughout this section, we denote by u the unipotent linear map which is a single n × n Jordan block with respect to the basis (e i ), that is,
for all 1 ≤ i ≤ n. We denote by X the element u − 1 of K [u] . The main purpose of this section is to establish various formulae for the action of powers of X on the SL(V )-module V ⊗ V * . We begin with the following lemma.
for all 1 ≤ i ≤ n. We now prove (ii) by induction on k. The case k = 1 is given by (5.1). Suppose that (ii) holds for some k ≥ 1. Then
Collecting the terms in (5.2), we see that for 1 ≤ j ′ ≤ n, the coefficient of e *
where (5.3) is given by a standard combinatorial identity ("hockey-stick identity"), see e.g. [Knu97, 1.2.6, (10)]. We conclude that
which completes the proof of the lemma.
Lemma 5.2. Let V 1 and V 2 be K[u]-modules. Then
for all v ∈ V 1 and w ∈ V 2 and k ≥ 1.
Proof.
We proceed by induction on k. We have u · (v ⊗ w) = uv ⊗ uw = (Xv + v) ⊗ (Xw + w), so X · (v ⊗ w) = Xv ⊗ Xw + Xv ⊗ w + v ⊗ Xw and thus the lemma holds when k = 1. Suppose that the lemma holds for some k ≥ 1. Then
where λ (k) t,s = k t t k−s for all 0 ≤ t, s ≤ k. Applying X to both sides of (5.5), we find that
where λ (k+1) 0,0 = 0, and
Now a straightforward calculation shows that λ For the rest of this section, set α = ν p (n). For all 0 ≤ β ≤ α, let k β ∈ Z be such that n = p β k β , and define
Note that δ 0 = n i=1 e i ⊗e * i , which spans the unique 1-dimensional SL(V )-submodule of V ⊗ V * by Lemma 3.7. The following proposition was suggested to us by calculations done for small n, and it is key in the proof of our main result.
In order to prove Proposition 5.3, we will first need the following lemma, which describes the action of
Lemma 5.4. Let 1 ≤ i, j ≤ n. Then
Proof. From Lemma 5.2 and Lemma 5.1 (i), we see that X (p−1)p β−1 · e i ⊗ e * j is equal to (5.7)
By Lucas' theorem, we have
, then by Lucas' theorem and Lemma 3.1, we get
t mod p. Therefore we can write (5.7) as
By Lemma 5.1 (ii), we have
Thus in (5.8) the coefficient of e t ′ ⊗ e s ′ is equal to (5.9) 
where (5.10) is given by the Chu-Vandermonde identity, see e.g. [Knu97, 1.2.6, (21)]. Write ∆ = qp β + r, where q ≥ 0 and 0 ≤ r < p β . Since
we conclude from Lucas' theorem that
≡ 0 mod p if and only if r = p β−1 or r = 0. Furthermore, if r = p β−1 or r = 0, then
r mod p, so (5.11) is equal to (−1) q . We conclude then that for i − (p − 1)p β−1 ≤ t ′ ≤ i and 1 ≤ s ′ ≤ n, the coefficient of e t ′ ⊗ e s ′ in X (p−1)p β−1 · e i ⊗ e * j is nonzero if and only if t ′ ≡ i mod p β−1 , and
we have ∆ = qp β or ∆ = qp β + p β−1 for some q ≥ 0. In this case the coefficient of e t ′ ⊗ e s ′ is equal to (−1) q , and
according to whether ∆ = qp β or ∆ = qp β + p β−1 . From this conclusion, the lemma follows.
Proof of Proposition
by Lemma 5.4. Taking the sum of (5.12) over all 0 ≤ j ≤ k β − 1, we get (5.13)
Note that if t ′ > (k β − 1)p β + i and t ′ ≡ i mod p β−1 , then for all q ≥ 1 we have t ′ − i + 1 − p β−1 + qp β > n and thus e * t ′ −i+1−p β−1 +qp β + e * t ′ −i+1+qp β = 0. Similarly if t ′ < −p β + i + p β−1 and t ′ ≡ i mod p β−1 , then t ′ ≤ 0 and thus e t ′ = 0. Therefore we can write (5.13) as (5.14)
where we define
Since (5.13) and (5.14) are equal, we have
Finally, for all 1 ≤ i ′ ≤ p β−1 we have
which together with (5.15) proves that
Proof. Since p β − 1 = 0≤j≤β−1 (p − 1)p j , the claim is immediate from Proposition 5.3.
Main results
In this section, we prove our main results. Below for a unipotent element u ∈ SL(V ), we use the notation V i for indecomposable K[u]-modules as in Section 4. Note that for G = SL(V ), the G-conjugacy class of u ∈ G is determined by the decomposition of V ↓ K[u] into indecomposable summands. By [Ger61, Proposition 2 of Chapter II], the same is also true for G = Sp(V ) and G = O(V ) if p > 2. 
by Lemma 3.4, so it is obvious that the theorem holds in this case. Suppose then for the rest of the proof that p | n.
We first need to set up a suitable basis for V and some notation. Let V = W 1 ⊕ · · · ⊕ W t such that W r are u-invariant and W r ∼ = V dr for all 1 ≤ r ≤ t. For each r, choose a basis (e Our basic strategy in the proof of the theorem consists of two applications of Lemma 3.3. First we apply it to u 0 to find the Jordan block sizes of u ′ 0 , and later we shall apply it to u ′ 0 to find the Jordan block sizes of u ′′ 0 . As the first step of the actual proof, we will show that
To find such a v, choose a 1 ≤ r Example 6.4. Let G = SL(V ) with dim V = n for n ≥ 2. In Table 1 below, we give for all 2 ≤ n ≤ 6 and all unipotent elements u ∈ G the Jordan normal form of the action of u on V ⊗ V * and L G (ω 1 + ω n−1 ), in the case where p | n. These examples illustrate all of the cases (ii), (iii)(a) -(c) of Theorem 6.1. In the table, we use the notation d n1 1 , . . . , d nt t for a K[u]-module of the form n 1 · V d1 ⊕ · · · ⊕ n t · V dt , where 0 < d 1 < · · · < d t and n i ≥ 1 for all 1 ≤ i ≤ t. Table 1 . 
What are the Jordan block sizes of u acting on L G (̟ 2 )? Here one could hope for an answer in terms of the Jordan block sizes of u acting on ∧ 2 (V ), which are known [GL06, Theorem 2].
We have not included results on this problem in this paper, but shall note the following example which demonstrates that the situation here is slightly more involved than in characteristic p > 2. Suppose that dim V = 4. In this case, there are two conjugacy classes of unipotent elements of G which act on V with Jordan form 2 · V 2 . It is easy to see that unipotent elements in both conjugacy classes must act on ∧ 2 (V ) with Jordan form 2 · V 1 ⊕ 2 · V 2 . However, a computation shows that elements from one of the classes act on L G (̟ 2 ) with Jordan form 2 · V 2 , while elements of the other unipotent class act on L G (̟ 2 ) with Jordan form 2 · V 1 ⊕ V 2 .
